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Spatial updating is a generalisation of random and sequential updating algorithms for Ising and lattice-gas systems to off-
lattice, continuum fluid models. By analogy with a lattice-gas, spatial updating is implemented in the grand canonical
ensemble by selecting a point in space and deducing the type of move by examining the local environment around the point.
In this work, spatial updating is combined with simulated tempering techniques to determine the phase behaviour of a
square-well fluid with an interaction range 1.150, where o is the particle diameter. In the remaining part of this work, spatial
updating is extended to very high densities by allowing volume fluctuations. In the resulting ensemble, a prototype of great
grand canonical ensemble, fluctuations are unbounded and a constraint or a restriction must be imposed. Each simulation of
the constrained great grand canonical ensemble requires a set of weights that are determined iteratively. The main outcome
of a single simulation in the constrained great grand canonical ensemble is the density of states in terms of all its independent
extensive variables, which allows for the determination of absolute free energies and entropies. Results obtained on a system

of hard spheres demonstrate the validity of this technique.

Keywords: Monte Carlo; phase transitions; finite-size scaling

1. Introduction

Spatial updating Monte Carlo algorithms [1,2] are based
on random and sequential updating algorithms [3-5] for
Ising and lattice-gas systems. By analogy with the lattice-
gas, the updating is realised in the grand canonical
ensemble and is executed by selecting a point in space
either at random or according to a prescribed order. The
type of the elementary update (insertion or removal) is
deduced by examining the local environment around the
selected point. The motivation for the development of
spatial updating algorithms is provided from recent
analytical and numerical results for lattice systems
suggesting that sequential updating algorithms yield
samples of higher statistical quality than random updating
algorithms [6]. Simulation results on square-well and
Lennard-Jones fluids [1,2] indicate that spatial updating is
more efficient than standard grand canonical updating
[7,8] and is ideal for parallel implementation via domain
decomposition.

Precise simulation of fluid—fluid and fluid—solid phase
transitions, metastability and nucleation is a topic of
considerable theoretical and practical importance. In
protein and colloid crystallisation [9,10], it is believed
that fluid—fluid demixing is metastable against solidifica-
tion. Critical slowing down effects associated with the
unbounded growth of correlations and fluctuations cause
simulations to slow down substantially. Although
significant progress has been achieved in devising
collective updating techniques for lattice systems

[11,12], there is no comparable grand canonical algorithm
capable of attaining similar precision for continuum fluid
models.

In a similar context, simulation of phase coexistence at
low temperatures encounters difficulties due to tunnelling
effects associated with the crossing of interfacial
configurations that are intermediate to those of the two
coexisting phases [13]. The previous problem may be
alleviated by sampling from a suitably modified
distribution that forces the highly improbable intermediate
configurations to occur just as often as the configurations
associated with the stable coexisting phases. These
simulation techniques are commonly referred to as flat-
histogram techniques, and they execute a nearly uniform
random walk in terms of an order parameter [14—16] or a
conjugate field variable [17-20].

In this work, the phase behaviour of a square-well
model is investigated via spatial updating grand canonical
Monte Carlo simulations. The interaction range is set to
1.150, where o is the particle diameter. The simulations
are combined with simulated tempering techniques [17,18]
to enhance the infrequent transitions between the
coexisting phases at low temperatures. In simulated
tempering, several replicas of the system are coupled to
form a super-ensemble or an expanded ensemble. Each of
the different replicas corresponds to a grand canonical
system at a given chemical potential and temperature. The
elementary updates comprise particle transfers and
transitions between different replicas. Particle transfers
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are implemented according to the methodology of spatial
updating. A heat-bath algorithm [21] is used for the replica
switch step. The chemical potential p and the temperature
T of each replica are selected from the maximum
compressibility line in the (u,7) plane. The sequence of
different replicas encompasses a range of states that
correspond to both single- and two-phase systems. The
vapour—liquid critical point is determined by finite-size
scaling techniques using a fourth-order Landau expansion
of the size-dependent free-energy density.

Previous works [22,23] on the square-well model with
interaction range of 1.15¢ indicate that vapour-—liquid
demixing is metastable against fluid—solid separation.
Despite the fact that spatial updating allows the grand
canonical sampling to explore very high densities, it
cannot probe the solid phase. This happens because the
solid is an expanded crystal in which the equilibrium
distance between neighbouring lattice points is slightly
greater than o. The previous deficiency can be overcome
by allowing for volume fluctuations in the grand canonical
system. In so doing, one forms a so-called great grand
canonical ensemble in which all intensive variables are
fixed and all extensive variables fluctuate without bounds
[24]. Since fluctuations are unbounded, Monte Carlo
simulations in such a system cannot be implemented.

The remaining part of this work is associated with a
successful implementation of spatial updating in the great
grand canonical ensemble. To maintain fluctuations within
bounds, a constraint or a restriction is imposed [24]. Each
simulation in the constrained great grand canonical ensemble
requires a set of weights that must be found via an iterative
process. The main outcome of a single simulation is the
density of states in terms of all its independent extensive
variables which allows calculation of absolute free energies
and entropies. The combination of spatial updating with
volume expansions and contractions allows the simulation to
explore very high densities. In this work, the method is
applied to a system of hard spheres and its relative
advantages and disadvantages are discussed.

2. Spatial updating grand canonical Monte Carlo

Consider a Monte Carlo simulation of an Ising model in an
external magnetic field. In random updating [3-5], a site is
selected at random with uniform probability and the
orientation of the corresponding spin is reversed. In
sequential updating [3-5], the sites are selected in a
predetermined order. For example, for a square lattice, one
may update the sites of the first row, then those of the second
row, etc. For both cases, the updates are accepted with the
same Metropolis acceptance criteria. The Ising model in an
external magnetic field is equivalent to a grand canonical
system of particles, the so-called lattice-gas [25], in which
each site may be either empty or occupied by a particle.
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The updating is implemented by changing the identity of a
site (i.e. occupied — empty or empty — occupied).

The properties of the transition matrices (kernels)
associated with random and sequential updating for lattice
systems have been investigated recently [6]. It has been
proved analytically that the diagonal elements of the
sequential sweep kernel are always smaller than those of the
random sweep kernel [6]. The previous analytical result
implies that sequential updating in Monte Carlo simulations
may converge faster and yield samples of better statistical
quality than random updating and can be understood by the
following physical reasoning. For the Ising model, successful
flip of spin triggers a higher probability of flipping a
neighbouring spin. Likewise, for the lattice-gas, successful
insertion (removal) of a particle at a site triggers a higher
probability of successful insertion (removal) of a particle
in a neighbouring site. Sequential updating takes advantage of
this effect — the so-called neighbour effect [6] — and results in
a ‘cascaded’ type of enhancement of sampling. In the case of
random updating, these effects rarely occur due to the random
selection of the site.

Now, consider the generalisation of random and
sequential updating methods for lattice systems to
continuum fluid models. In view of the equivalence of
the Ising model to the lattice-gas, the development must be
done in the grand canonical ensemble for which the
elementary updates comprise particle insertions and
removals. In contrast to standard grand canonical
algorithms [7,8] and by analogy with the lattice-gas, the
updating is implemented by selecting a point in space and
deducing the update type by examining the local
environment around that point. Hence, this type of
updating has been dubbed spatial updating [1,2].

To this end, consider a grand canonical system of
indistinguishable particles of diameter o with no internal
degrees of freedom, in a d-dimensional volume V at
temperature 7. The particles interact according to a pair-
wise additive potential, e.g. Lennard-Jones. If w is the
chemical potential of the particles, the activity z of the particles
is defined as z = A~ exp(Bu), where A is the thermal De
Broglie wavelength, 8= 1/kgT and kg the Boltzmann’s
constant. Consider a current configuration that contains N
particles at positions ry,rs, ..., Iy, as shown in Figure 1.
In spatial updating [1,2], a uniform random point r
is generated within the d-dimensional volume V. If
r —r,| > 0o/2, Vn=1,2,... N, patticle insertion is
attempted and the position of the particle is obtained at
random within a d-dimensional sphere of diameter o: (see
Figure 1). Particle removal is attempted when there is only one
particle, m say (see also Figure 1), for which [r — r,,| = /2
and |r —r,| > 0/2 Yn # m. For these two cases, the
Metropolis acceptance probability, «;, from state i
that contains N particles to state j with N £ 1 particles, is
given by [1,2]:
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Figure 1. Two-dimensional illustration of the methodology of
spatial updating (random updating). Points are generated
randomly within the system volume (area), V = L?. Point * +
corresponds to particle removal, whereas point * X’ to particle
insertion. In that case, the position of the particle, shown as ‘e’ in
the figure, is obtained at random within a sphere (circle) of
diameter o, centred at point ‘ X ’. For points associated with
double/multiple particle overlaps (such as ‘@D’ in the figure), the
proposed update is rejected and the current state is counted again.

a; = min{1, (z0)"' exp(—BAD) }, M

where (4) corresponds to insertion and (—) to removal.
In Equation (1), AU is the potential energy difference
between states i and j and v the volume of a d-dimensional
sphere of diameter o. The case for which [r — r,,| = o/2 for
more than a single particle corresponds to double (or multiple)
overlaps, see Figure 1. In such a case, the proposed update
is rejected and the current state is counted again. Simulation
results for two- and three-dimensional Lennard-Jones systems
[2] indicate that the rejection of the update that corresponds
to double/multiple overlaps does not affect sample quality.
A two-dimensional illustration of the sequential
implementation of spatial updating is shown in Figure 2.
Suppose that the length of the simulation box is L = na,
where 7 is an integer. The d-dimensional volume V = L¢
is partitioned into n? cells of side o. These cells are
labelled in a specific order, i.e. in terms of rows in the two-
dimensional example shown in Figure 2. A uniform
random point r is generated within a cell of side o.
Sequential updating corresponds to implementing the
updating of Figure 1 in cell J in the order J = 1,2, ..., n%
After the completion of the n“ updates, another random
point r is generated and the process is repeated. The
elementary updates are accepted with the same Metropolis
criteria as in the case of purely random updates, cf.

Figure 2. Two-dimensional illustration of the methodology of
spatial updating (sequential updating). The length of the
simulation box is L = no, where n is an integer. The simulation
volume (area) V = L? is partitioned into n > cells of side o In the
illustration, the n > cells are labelled in rows starting from the
bottom left corner. A uniform random point r is generated within a

cell of side . Sequential updating corresponds to implementing

the updating of Figure 1 in cell J in the order J = 1,2, ..., n°

After the implementation of the n > updates, another random point
r is generated within a cell of side o and the process is repeated.

Equation (1). The division of the volume into d-
dimensional cubes of side o is one of many possibilities.
In previous work on two-dimensional systems [26], the
volume (area) was divided into n 2 hexagons of area
/362 /2 and side ~/30/3. For three-dimensional systems,
the volume may be divided into 4n > rhombic dodecahedra
[24] [the Wigner—Seitz cell of the face-centred cubic (fcc)
lattice] of volume o3/ V2.

Previous works on square-well and Lennard-Jones
systems [1,2] indicate that both the random and the
sequential versions of spatial updating are more efficient
than conventional updating. The superiority of random
updating (cf. Figure 1) may be explained by the fact that
the update type (insertion or removal) is deduced by the
system based on the conditions around the selected point.
In contrast, in conventional grand canonical updating, the
update type is decided a priori with fixed probability. As
in the case of lattice models [6], sequential updating
(cf. Figure 2) is more efficient than random updating.
Thus, successful insertion (removal) of a particle triggers a
higher probability of another successful insertion
(removal) of a particle in a neighbouring point in space.
In addition, due to the nature of the updating, spatial
updating grand canonical Monte Carlo is efficient at
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densities that are much higher than possible with
conventional grand canonical algorithms. More impor-
tantly, due to the nature of the updating, sequential
updating for lattice and off-lattice continuum models is
ideal for large-scale parallel implementation via geometric
decomposition techniques [2,27]. In Section 3, the
technique of spatial updating is used to determine the
phase behaviour of a square-well fluid.

3. Simulation of phase transitions via spatial
updating

Simulation studies of phase transitions are hampered by
critical slowing down effects and by tunnelling effects
associated with states of high free energy that are
intermediate to those of the two coexisting phases [13].
Flat-histogram type of techniques [14-20] partially
ameliorate these difficulties via a suitable modification of
the sampling distribution. In this work, spatial updating
grand canonical Monte Carlo is incorporated into simulated
tempering techniques in order to deduce the phase behaviour
of a square-well fluid. In simulated tempering [17,18],
several replicas of the system are coupled to form a super-
ensemble or an expanded ensemble. In the context of this
work, each replica corresponds to a grand canonical system
at temperature 7,, (or inverse temperature f(,,), chemical
potential w,, (or activity z,,) and volume V. If =, is the grand
partition function of the m™ replica, the partition function ®
of the super-ensemble that consists of K replicas is defined as
follows:

K
b= Eue™, )

m=1

where 7, is a weighting factor associated with the m™

replica.

Inspection of the partition function in Equation (2)
indicates that two types of Monte Carlo moves are
possible: particle transfers and transitions between the K
replicas. Particle transfers are implemented according to
spatial updating (sequential implementation, see Figure 2)
and accepted using Equation (1) with z = z,, and B = B,,.
The transitions between the K replicas are implemented
according to a heat bath algorithm [21]. For a state of N
particles with potential energy U, the transition prob-
ability, P,,,, from (7,,, w,,) to (T,, w,), is given by

—BuU+m
e BuU+m

Pmn =
Ek Na—B,U4mn,
r:lzre A K

3

The weighting factors m,, control the frequency with
which the K replicas appear during the simulation. From
Equation (2), it follows that the probability, ,, of
observing the m™ replica is
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The weighting factors 7),, must be chosen such that r,, are
nearly equal. If F,, = InE,, is the grand potential (free
energy) at 7,, and w,, the choice m,, = —F, renders
,, = const, i.e. each replica is visited with the same
frequency. Since the free energies F,, are unknown, an
iterative procedure is required during which the weights
M, are adjusted until the resulting distribution of ,, is
nearly flat. An initial guess for the weights n,, is made, a
short simulation is executed, the free energies F,, are
estimated using histogram reweighting [28,29] and a
refined estimate for =), is obtained via m,, = —F,,.
The previous process is repeated using the refined
estimates for m,, at each iteration until the resulting
histogram of ,, is nearly flat.

The square-well pair potential, ¢(r), between two
particles separated by distance r is defined as

00 r<o,
d(r)={ —€ o=r=o, 5)
0 r> Ao.

In Equation (5), o is the diameter of the particles, A the
range of the potential and € > 0 is the depth of the
potential in units of energy. The value of A =1.15 is
considered in this work. The model can be described by
dimensionless parameters, the reduced temperature T =
kgT /e and the reduced activity z* = zo or the reduced
chemical potential @& = In(z*). The dimensionless
(reduced) density is p* = (N/ V)o? = p0'3, where N is
the fluctuating number of particles and p = N/V is the
number density. In this work, the simulation volume,
V = L3, is partitioned into 4n > rhombic dodecahedra of
volume o3 /+/2 in which spatial updating as illustrated in
Figure 2 is implemented. The linear extent of simulation
box is L = v2no with n = 4,5, ..., 10.

In Monte Carlo studies of vapour—liquid phase
transitions via a grand canonical type of updating, the
simulations must cover both high-temperature, single-
phase and low-temperature, two-phase states. Thus, a line
is required that approximates the phase boundary in the
u-T plane and its extension in the single-phase region. For
Ising and lattice-gas systems that are characterised by
symmetry axes, the phase boundary and its single-phase
extension coincide with the symmetry axis. Since no
symmetry axes exist for continuum fluids, a line must be
constructed that approximates the phase boundary and its
extension in the high-temperature, single-phase region.
In this work, the locus of inflection points of the density
vs. chemical potential isotherms is chosen. This locus
corresponds to the maximum of the susceptibility
(or compressibility) defined as y = (9p/9w)y. It should
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be noted that the previous choice is not unique and other
possibilities also exist, see [30] for example.

An estimate of the line of maximum susceptibility was
established via Monte Carlo simulations of small systems
(i.e. n = 4) using histogram reweighting [28,29]. A total of
K = 30-40 replicas were considered on this line (depend-
ing on system size, L), encompassing both high-
temperature single-phase and low-temperature two-phase
states. For a given L, a single simulation that utilises spatial
updating and tempering was implemented. An initial set of
weights 7),, was estimated from simulations of small system
sizes. These weights were adjusted accordingly to render
uniform sampling over the K replicas, as data for larger L
became available. Once a suitable set of weights was
determined, a long simulation of 50 — 200 X 10° sweeps
(depending on system size), was executed. In this work, one
sweep is defined as 4n > elementary steps. The elementary
updates comprise particle transfers and transitions between
the K replicas. The frequency of transitions between the
replicas was set to 0.25 sweeps and was implemented via a
heat bath algorithm.

The vapour—liquid critical point (7., ¢, pc) may be
obtained via finite-size scaling techniques [31,13].
According to finite-size scaling theory [31,13], a quantity
F which exhibits a power-law type of divergence in the
thermodynamic limit,

F~ |7 with t =(T — T)/Tk, (6)
scales asymptotically as
F(t,L) = LY/"FL'/"), 7

in the limit of large L. In Equation (7), v is the exponent
associated with the divergence of the correlation length
and F a universal scaling function. The scaling from of
Equation (7) implies that F will reach an extremum
(maximum or minimum) of height proportional to L®/".
The location of the extremum, which may be regarded as
an effective, L-dependent critical temperature T.(L), scales
with L as

To(L) — Te(00) ~ L7, (8)

where T.(o0) is the critical temperature in the limit of
infinite system size. The critical parameters may thus be
obtained by measuring second- and higher-order deriva-
tives of the grand canonical free energy in terms of
appropriate density-energy moments [30], locating the L-
dependent peak positions and extrapolating in the limit of
infinite size via Equation (8).

In this work, a simpler method, which is based on a
Landau expansion of the L-dependent free energy density,
fr(T, p), is used. The L-dependent critical parameters so
obtained from f1(T, p) approach their respective infinite-
size analogues from above, and the need to implement

computationally expensive simulations at very low
temperatures is thus avoided. The L-dependent free energy
density, f,(T,p), is obtained from the grand canonical
distribution of states using histogram reweighting [28,29].
For a finite system, f; is analytic and it may thus be fitted to
a Landau-type of expansion [26,30],

J
fuT,p) =Y A(T;L)p’, ©)
=0

J

where J = 4. The L-dependent critical point is found from
0%fr/0p? = 8°fL/op> =0, which corresponds to the
vanishing of the inverse susceptibility.

The central portion (0.27 < p* =< 0.60) of f; was fitted
to the Landau form, Equation (9), with J=4. The L-
dependent values for the critical temperature 7.(L) and
chemical potential fi.(L) were extrapolated towards L —
oo according to Equation (8), using v = 0.630 appro-
priate for systems in the three-dimensional Ising
universality class [30]. The extrapolation of the effective
critical parameters towards the limit of infinite size is
shown in Figures 3 and 4. To minimise non-linearities
associated with correction-to-scaling terms [32,33], the
data that correspond to small systems (n =5) were
excluded from the fit. The data conform to a linear fit with
satisfactory precision and yield T (c0) = 0.5754(3) and
fi.(00) = —2.6045 £ 0.0015. L-dependent values for the
critical density were determined via histogram reweight-
ing, using the previous estimates of the critical values of T
and (. The best estimate for the critical density was taken

- + -
0.590 | —
o [ ]
=}
© i + ]
8 0585 ]
E .
5 i i
bt L i
[
] L i
=}
3 L i
& 0.580 — -
0'575 V 1 1 1 I I_
0 0.06

Figure 3. Critical temperature estimation for the square-well
fluid with A =1.15. The L-dependent critical temperatures,
T:(L), shown with crosses, (+), are obtained by analysing the
Landau expansion of the canonical free energy density, fi, cf.
Equation (9). The effective critical temperatures are plotted vs.
the scaling variable X=(L/0'_1/V, where L = 2no and
v=0.630. The solid line is a linear fit. The data that
correspond to n=4 and 5 are excluded from the fit. The
intersection of the solid line with the ordinate defines 77 ().
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Figure 4. Estimation of the critical value of the chemical
potential i = In(zo®) for the square-well fluid with A = 1.15.
The procedure is analogous to that of Figure 3.

to be the average value of the L-dependent densities. Thus,
p: = 0.446 = 0.001 was the result of this calculation.

The critical point estimates obtained are plotted
together with the estimates of the coexisting vapour and
liquid densities in Figure 5. The coexisting densities have
been determined by the so-called equal-weight criterion
[34]. Since the simulated sizes correspond to small
systems, the data do not extend sufficiently close to the
critical point. In Figure 5, the coexistence data are fitted to
Wegner-type of expansions [30]. Specifically, if p‘*,ap(T)
and p;q(T) are the coexisting densities, the width of the
coexistence curve may be expressed as:

Pra(T) = Piap(T) = BItlP |1+ bolel” + bogltl* |, (10)

where t= (T — T.)/T.. The three-dimensional Ising
values have been adopted for the exponents in
Equation (10). Thus, 8 = 0.326, « = 0.109 and 6 = 0.52
[35]. The coexistence curve diameter, p:;iam(T) =(1/2)x
[p1(T) + Pyp (T)], may likewise be fitted to the following
Wegner form [30]:

Paam(T) = pi + axplt + ayoltl' ™+ ayr. (11)

The critical point estimate of this work seems to be in
disagreement with previous estimates [22,23], see Figure 5.
A likely explanation for this difference may be the absence
of the finite-size scaling analysis of the simulation data in
those studies.

The combination of spatial updating grand canonical
Monte Carlo with tempering techniques and finite-size
scaling theory results in accurate determination of fluid—
fluid phase diagrams. In a slightly different context, the
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Figure 5. Vapour—liquid phase diagram for the square-well
fluid with A = 1.15 in the temperature—density plane. The open
circles (°) are estimates of the coexisting densities. The open
squares (L) correspond to the coexistence curve diameter. The
filled circle (e) is the critical point estimate obtained from a
finite-size scaling analysis of the free energy density. The solid
lines are fits to the Wegner forms, see Equations (10) and (11).
The filled triangle and square are critical point estimates of
previous work. (A): Ref. [23]; (H): Ref. [22].

determination of phase diagrams associated with very
dense, nearly incompressible phases is an issue of
considerable theoretical and practical importance. In protein
and colloid crystallisation, for instance, it is believed that
fluid—fluid demixing is metastable [9,10]. In the context of
the square-well model, previous work indicates that for
A = 1.15, vapour—liquid separation is metastable against
fluid—solid demixing [22,23]. Despite the fact that spatial
updating is capable of sampling very high densities, it can
never probe a solid phase. The equilibrium solid phase is
an expanded crystal in which the equilibrium distance
between neighbouring lattice points is slightly greater than
the particle diameter o. In the simulations described here,
the volume was divided into 47> rhombic dodecahedra for
which the distance between neighbours is exactly o. Since
the volume is fixed, a stable solid phase can never be seen.
It may be argued that an increase in the distance between the
cells might offer a better chance of sampling the solid phase.
Such a task, however, is impractical since it is tantamount to
implement all the simulations for different values of the
nearest neighbour distance. A more efficient way, which is
described in Section 4, is to allow for volume fluctuations in
a grand canonical system.

4. Spatial updating in the great grand canonical
ensemble

Consider a grand canonical system of particles for which
the volume is also allowed to fluctuate. Such a case
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corresponds to the so-called great grand canonical
ensemble [36,37], with partition, Z, defined as follows:

Z= Y W(N,V,E)exp(~BE — BpV + BuN), (12)
N,V.E

where p is the pressure, E the energy and W(N, V, E) the
degeneracy or the density of states or the microcanonical
partition function [38]. Using the well-known connection
of W with entropy S, W = exp(S/kg) and the thermodyn-
amic identity E =TS — pV + uN, it can be trivially
shown that Z = 1 which implies that the corresponding
thermodynamic potential is zero. Since the intensive
variables, w, p and 7, in Equation (12) are fixed, and the
fluctuations of the extensive variables, N, V and E, are
unbounded. Thus, simulations of a system with partition
function given by Equation (12) cannot be implemented.

Suppose that a constraint or a restriction is imposed on
the previous system to keep the fluctuations with certain
bounds. For example, upper and lower bounds may be
imposed on the extensive variables, €.2. Npin = N = Npax
and/or Vipin =V = Vi and/or Epjy = E = Epax. It 18
important to emphasise that the selection of the constraint
is not unique and other choices also exist. The resulting
system then corresponds to a restricted or a constrained
great grand canonical ensemble.

The next step in the construction of a Monte Carlo
method associated with a constrained great grand
canonical ensemble is the specification of the intensive
variables. Note that only two of the three intensive
variables w, p and T can be specified independently.
Consider the case for which p and T are specified and
suppose that a constraint is imposed on N, i.e.
Nmin = N = Nmax. The partition function associated with
N particles at p and 7, A(N,p,T), is defined as:

AN,p,T) =Y OWN,V,Tye #'  where  (13)
\4
ON,V,T)=> W(N,V,E)e (14)
E

is the canonical partition function of a system of N
particles at Vand 7. The constrained great grand canonical
ensemble can be obtained by coupling these isobaric
systems via a Boltzmann type of factor. By analogy with
the construction of the expanded ensemble in simulated
tempering [17,18] techniques [cf. Equation (2)], the
isobaric systems are connected with a weighting factor of
the form exp(BGy) to yield a constrained great grand
canonical ensemble with partition function, Z * defined as:

A ZA(N, p,T)ePov. (15)
N

The set of N-dependent weights Gy plays the same role as
M, in Equation (2) and ‘*’ signifies the presence of a

constraint. If wy is the value of the chemical potential of a
system of N particles at p and 7, the assignment

BGy = BunN = —InAN, p, T), (16)

i.e. the Gibbs function for N particles at p and 7 will result
in uniform sampling of all N within [Npin, Nmax]-
The previous construction is not unique. Alternatively,
one may construct the restricted great grand canonical
ensemble as an expanded ensemble of grand canonical
systems at the same chemical potential w and temperature
T but at different volumes, see [24] for example.
Inspection of Equation (15) indicates that three types
of Monte Carlo moves are possible: particle displace-
ments, volume changes and particle transfers. Displace-
ments and volume changes are accepted with ordinary
Metropolis type of criteria [21]. In this work, the particle
transfer step is implemented according to the methodology
of spatial updating. The acceptance probability is given by:

o = min{1,v"" exp(BAG — BAE)},  (17)

where (+) corresponds to insertion and (— ) to removal. In
Equation (17), AE is the energy difference between state i
with N particles and state j with N = 1 particles, AG =
Gy+1 — Gy and v the volume of a d-dimensional sphere.
Transitions that violate the constraint Npjn = N = Npax
are rejected and the current state is counted again. Thus,
the system never escapes the window Npin = N = Npax.
Each simulation requires specification of the temperature
T, pressure p, constraint Ny, = N = Np,x and set of
weights or free energies Gy. The outcome of the simulation
is the joint probability of N, Vand E, P(N, V, E), defined as

P(N,V,E) oc WN, V,E)ePoN=FV=BE - (18)

and obtained as a histogram of observations in the course
of the simulation. If BGy = —InA, it follows from
Equation (7) that P(N,V,E) = const. within the (N,V,E)
range allowed by the constraint. Since a simulation is of
finite length, P(N,V,E) cannot be normalised. Thus, the
measurement of P(V,V,E) as a histogram yields the density
of states, W(V,V,E), up to a proportionality constant, in
terms of all its independent variables. As in previous flat-
histogram techniques, a suitable set of free energies Gy
must be found iteratively. The determination of the set of
Gy is analogous to that of 7, [cf. Equation (4)]. Once
satisfactory estimates for Gy have been found, a long
simulation is executed to collect good quality statistics and
obtain W(N,V,E).

Once W(N,V,E) has been determined, various averages
such as microcanonical, canonical, grand canonical and
isobaric can be calculated using histogram reweighting
[28,29], see also Ref. [24]. In addition, since all extensive
variables, N, Vand E, vary (i.e. fluctuate), the variation of
the partition functions with respect to those variables can
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be calculated, which allows for the determination of
absolute free energies and entropies. For example, for N
particles at Vand 7, the pressure and the chemical potential
may be found from [38]

Bp=@InQ/oV)yr, Bu=—@InQ/oN)yr, (19)

by approximating the derivatives with finite difference
equations. Likewise, the chemical potential of N particles
at p and T is found from [38]

Bu=—@InA/N), . (20)

The main advantage of this type of simulation is the
determination of the density of states, W(V,V,E), in terms
of all its independent extensive variables which allows for
the calculation of absolute free energies and entropies. The
simulation technique described here executes a nearly
uniform random walk in N, Vand E. In most previous flat-
histogram techniques [14-18], one (or more) of the
variables (N,V,E) are fixed, and thus only free energy
differences can be calculated. In addition, the combination
of spatial updating with volume dilations and contractions
allows the simulation to explore very high densities and
results in enhanced statistical performance. The main
factor that determines the length of each simulation is the
number of entries in the histogram of N, Vand E, P(N,V,E).
Each (N,V,E) entry must be visited a sufficient number of
times to yield a precise determination of W(N,V,E) and a
consistent calculation of the required derivatives of W
without spurious noise.

The previous method was used to determine the
entropy of N = 256 hard spheres from simulations of a
constrained great grand canonical ensemble with
200 = N = 300. The details of these simulations can be
found elsewhere [24]. Starting from the thermodynamic
identity E =TS — pV + uN, it can be shown that the
entropy relative to that of an ideal gas at the same
thermodynamic state is given by:

£:B—(th(@—l)—m(f), 1)
Nkg N p p

where U is the potential energy, p the density and z the
activity. Note that U = 0 for hard spheres. The ideal gas
entropy, So, is of the form [38] Sy/Nkg = —In(p™) + f(T),
where the 7-dependent term contains quantum mechanical
constants (i.e. Planck’s constant). The results for 256 hard
spheres, shown in Figure 6, are in very good agreement
with the prediction of the Carnahan and Starling equation
[39]. The circles correspond to 256 hard spheres at
constant pressure. The density required in Equation (21)
was obtained by histogram reweighting [28,29]. The
corresponding value of u (activity) was found by
approximating the derivative in Equation (20) with a
centred finite difference equation. Other types of
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Figure 6. Entropy, AS/Nkg, relative to that of an ideal gas at the
same thermodynamic state vs. reduced density, p* = po3, for the
hard sphere fluid obtained from great grand canonical Monte
Carlo simulations. The filled circles (®) correspond to N = 256
particles at constant pressure. The crosses (4) correspond to
N = 256 particles at constant volume. The solid line is the
Carnahan and Starling [39] result. Statistical errors do not exceed
the symbol sizes.

approximations gave nearly identical results. The crosses
in Figure 6 correspond to 256 hard spheres at constant
volume. In that case, w and p were estimated from
Equation (19).

For reduced densities p* = po? = 0.94, the hard
sphere fluid undergoes a first-order phase transition to a fcc
crystal [40,41]. In the previous work [24], it was shown
that it is possible to locate this transition via simulations in
a constrained great grand canonical ensemble. Since there
is no terminal (i.e. critical) point for fluid-solid
transitions, it is difficult to implement a procedure
analogous to that used in the determination of the fluid-
phase diagram of the square-well fluid. In Ref. [24], the
fluid and the solid phases of the hard sphere model were
simulated independently via constrained great grand
canonical simulations. A modification of the cell model
of Hoover and Ree [40,41] was used to simulate the fcc
crystal and the relation u = wu(p) was established for both
phases. The point at which these two w — p curves
intersect defines fluid—solid coexistence. Regarding
transitions involving solid phases, the lattice or phase
switch Monte Carlo method of Wilding and Bruce [42],
which utilises a constant pressure ensemble, is currently
the only method that leads to direct determination of phase
equilibria of this type. In future work, spatial updating in
the great grand canonical ensemble will be combined with
phase/lattice switch updating to lead to direct determi-
nation of phase equilibria involving solid phases.
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5. Discussion and conclusions

Spatial updating Monte Carlo algorithms are generalis-
ations of random and sequential updating algorithms for
lattice-gas type of systems to continuum fluid models. They
work in ‘open’ ensembles for which the number of particles
is not conserved. They cannot be applied to canonical
Monte Carlo simulations since the density is constant. In
fact, due to particle indistinguishability, random and
sequential updating of particles in canonical Monte Carlo
simulations are identical [43]. The key difference between
spatial and conventional grand canonical updating is the
way by which the elementary steps are implemented.
Rather than a priori deciding on the move type (insertion or
removal), the update type is deduced based on the local
conditions of a point in space. If the sequence of points is
selected appropriately (cf. Figure 2), correlations that
develop in space between particles can be reduced and
enhancement may be obtained.

Spatial updating algorithms are ideal for simulations of
phase transitions, since they work in open ensembles for
which the number of particles is not conserved and both
the energy and the density fluctuate. However, in order to
overcome the infrequent transitions between the coexist-
ing phases they must be combined with flat-histogram
techniques. In this work, the fluid-phase behaviour of a
short-range square-well model was investigated via a
combination of spatial updating grand canonical Monte
Carlo simulations and simulated tempering techniques.
The relative merits of the combination of grand canonical
spatial updating with tempering techniques compared to
conventional simulations have been described in the
previous work [26]. The statistical and computational (i.e.
total simulation time) performance depends on the number
of replicas, their spacing and the frequency of transitions
between different replicas. In the investigation of two-
dimensional criticality, it was found [26] that the
efficiency enhancement is 2—4 orders of magnitude higher
than conventional algorithms. The simulation data for the
square-well fluid were analysed via finite-size scaling
techniques and the vapour—liquid-phase diagram and the
concomitant critical point were obtained with high
precision. Despite the fact that grand canonical spatial
updating is efficient at very high densities, it cannot probe
the solid phase and thus cannot be used to simulate fluid—
solid transitions. Another drawback is associated with the
amount of data required to perform a reliable finite-size
scaling analysis. In these studies, one obtains L-dependent
values for the critical parameters for a series of
progressively increasing values of L and extrapolates
towards the L — oo limit. For each different values of L, an
independent simulation must be employed (see, for
instance, Figures 3 and 4) which is, clearly, a
computationally time-consuming task. It would be more

efficient, if one could gather the data in Figures 3 and 4
from a single simulation.

A solution to the previous drawbacks can be achieved by
incorporating volume fluctuations in a grand canonical
system. Such a set-up corresponds to a great grand canonical
ensemble for which all intensive variables are fixed and all
extensive variables fluctuate without bounds. To bound the
range of fluctuations, a constraint or a restriction must be
placed on the system. The resulting constrained great grand
canonical ensemble can be constructed as a superposition of
either constant-pressure or grand canonical systems that are
coupled together via weighting functions. These weights
must be found via an iterative process. A single simulation in
the constrained great grand canonical ensemble comprises a
nearly uniform random walk in terms of all the extensive
variables within the range permitted by the constraint. Thus,
this method belongs to the general class of flat-histogram
techniques. The main outcome of a single simulation in this
ensemble is the density of states in terms of all its
independent extensive variables, which allows for calcu-
lation of free energies and entropies.

Incorporation of spatial updating in a constrained great
grand canonical ensemble allows the simulations to explore
very high densities and can lead to determination of fluid—
solid equilibria. So far, this method has only been applied to
a system of hard spheres. The major advantage of this
technique is the determination of the density of states in
terms of all its independent variables. The two main
drawbacks are associated with the length of the simulations
and the computational requirements of the volume change
moves. The primary factor that determines the length of the
simulations is the number of entries in the histogram of
P(N,V,E), see Equation (18). Each entry must be visited a
sufficient number of times so that a reliable estimate of the
density of states can be obtained. The computational
requirements of the volume change move depend strongly
on the details of the intermolecular pair potential. These
problems are also encountered in constant-pressure
simulations. For simple cases, the energy change associated
with a volume update can be obtained via rescaling. For
most cases, however, a complete energy calculation is
required, which is an order of N computation. In this
respect, the feasibility of parallel processing is crucial for
the success of this method.
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